We propose to use quantum coherence as ultimate proof of quantum nature in the radiation that appears by means of the Dynamical Casimir Effect in experiments with superconducting microwave waveguides. We show that, unlike previously considered measurements such as entanglement and discord, quantum coherence does not require a threshold value of the external pump amplitude and is highly robust to thermal noise.
I. INTRODUCTION
The dynamical Casimir effect (DCE) is a vacuum amplification process that can produce pairs of photons from quantum vacuum fluctuations by means of the modulation of a boundary condition -e. g. a mirror-at relativistic speeds. Theoretically discovered in 1970 [1] , the experimental demonstration was impossible until 2011 when Wilson et. al. [2] managed to create in the laboratory a boundary condition equivalent to the one created by a mirror, as well as move it at relativistic speeds. This was achieved by means of high-frequency modulation of the external magnetic flux threading a superconducting quantum interferometric device (SQUID), which interrupted a superconducting coplanar microwave guide. The effective motion induced by the magnetic field generated the expected microwave photon pairs out of an initial quasi-vacuum state. While some hints of the truly quantum nature of the radiation were provided in [2] , the presence of an initial temperature leads naturally to the question of how unambiguously discriminate between the experimental radiation and a mere parametric amplification of thermal noise.
By a theoretical approach it has been shown that there exist measurements of quantum correlations which allow to quantify the non-classicality of the DCE radiation even when a background thermal noise is considered [3] [4] [5] . In all the cases, the proposed measurements are non-zero only above a critical value of the amplitude of the external pump -and thus the amplitude of the motion-which is needed to overcome the thermal noise. This feature challenges the experimental observation of quantum correlations in DCE radiation for realistic parameters. Therefore, the question of the quantum nature of DCE radiation in this setup remains open -note however that quantum correlations have been detected in an analogue effect where the radiation is generated by the modification of the effective speed of light, not the boundary conditions [6] .
Last years have witnessed an increasing interest in capturing forms of quantum correlations and other quantum features that are more general than quantum entanglement. In particular, quantum coherence is gaining a great deal of attention as a signature of quantum nature and as a resource for quantum technologies [7, 8] .
In this work we have studied a recently proposed measurement of quantum coherence for gaussian states in continuous-variables [9] . We show that DCE radiation displays quantum coherence for any value of the pump amplitude in the typical experimental regime of temperatures. Unlike quantum correlations such as entanglement and discord, quantum coherence exhibits a remarkable robustness again thermal noise, making it a suitable figure of merit of the quantum character of DCE radiation.
The work is structured in the following way. In Section II we review the theoretical details of DCE in superconducting circuits experiments. In Section III we briefly introduce some aspects of the covariance matrix (CM) formalism for Gaussian states. We use the results of these sections to write the experimental DCE-radiation state in the CM formalism in Section 4. In section V we compute the quantum coherence of this state and discuss its behaviour for realistic experimental parameters, comparing it with quantum entanglement and discord. We conclude in Section VI with a summary of our results.
II. THE DYNAMICAL CASIMIR EFFECT IN SUPERCONDUCTING TRANSMISSION LINES
The DCE predicts that photons can be created from vacuum fluctuations when the boundaries of the field are time-dependent. From a physical point of view, we can understand it by recalling that the quantum field vacuum is a sea of virtual photons and energy fluctuations. Thus, we can think of the DCE as the incapacity of the vacuum state to accommodate to a fast changing boundary; as a consequence, some of those virtual photons are "kicked" to reality.
In 2011 the first experimental observation of this phenomenon was reported [2] . The difficulty of accelerating a mirror to relativistic speeds was circumvented by simulating a moving mirror with a superconducting quantum arXiv:1610.03272v2 [quant-ph] 13 Feb 2017 interferometric device (SQUID) interrupting a superconducting transmission line.
Let us review the details of the model. Quantizing the electromagnetic field by the flux operator Φ(x, t) confined in this transmission line and solving the Klein-Gordon equation in the plane-waves basis we get [3, 10, 11] :
where a(ω) is the annihilation operator of photons that fall on (input) the mirror and b(ω) is the annihilation operator of those who move away from the mirror (output), k = ω v where v is the speed of light in the line and Z 0 = L 0 /C 0 is the characteristic impedance. Note that we are interpreting the creation operators as annihilation operators of negative frequency. As shown in [10] , for sufficiently large SQUID plasma frequency, such that the charging energy is small compared with the Josephson energy E J (t) = E J [Φ(x, t)], the SQUID provides a boundary condition to the flux field analogous to the one produced by a mirror:
where Φ 0 = h 2e is the magnetic flux quantum, L 0 is the characteristic inductance per unit length and we have neglected an additional term associated with the capacitance. Inserting Eq.(1) on the boundary condition Eq. (2) we have:
where
is the tunable Josephson inductance. Inserting the Josephson energy E J (t) in the latter, we obtain a Bogoliubov transformation between the input and output modes. If we consider a constant Josephson energy E 
where we have assumed that k
Given that the reflection coefficient of a short-circuited coplanar microwave guide of length L is −e 2ikL , we can define an
L0 and conclude that:
Considering now a time-dependent effective Josephson energy E J (t) = E 0 J + δE J (t) it can be shown [10] that we can write:
where Θ(ω) is the Heaviside step function and
In particular, given a sinusoidal modulation with driven frequency ω d /2π and normalized amplitude:
we get, after integration of Eq. (6):
where δL ef f = L 0 ef f is the effective length modulation. Considering the effective velocity:
we can say that if v ef f is a significant fraction of v, radiation with a squeezing spectrum [10] will appear.
Since the photon-flux density spectrum has a parabolic shape with a maximum in ω d 2 and the photons are created in pairs, the output field is correlated at modes with angular frequencies ω + and ω − such that ω + + ω − = ω d . We will consider that:
where δω is a small detuning that allows to write Eq. (9) as:
where b ± = b(ω ± ) and a ± = a(ω ± ). If the detuning is sufficiently small, we can write:
and, consequently, define a small parameter f :
So, finally, the relation between the output and input fields is the following:
In the next section we will introduce the formalism of the covariance matrix for the analysis of Gaussian states.
III. GAUSSIAN STATES. COVARIANCE MATRIX
In this section we will review the covariance matrix formalism, which is suitable for the analysis of Gaussian states. Gaussian states appear in any quantum system which can be described by a quadratic bosonic Hamiltonian. Therefore, they play a central role in quantum optics and they are the core of quantum information with continuous variables [12] .
In particular, the electromagnetic field is given by a quadratic bosonic Hamiltonian which describes a system of N harmonic oscillators:
The Hamiltonian (14) describes the prototype of a continuous-variable system which has an infinitedimensional separable Hilbert space H = N k=1 H k where H k is the infinite-dimensional Fock space spanned by the annihilation/creation operators of the k mode. The creation/annihilation operators can be arranged in a vectorial operatorb :
T which must satisfy the bosonic commutation relations:
In the same way that a global metric allows to define a metric vector space, a linear dynamical system has a symplectic form Ω that does not depend on the coordinates, allowing us to study it by a symplectic vector space called phase space Γ = (R 2n , Ω). The symplectic form has a direct sum structure:
that transfers the same structure to the phase space Γ = k Γ k with Γ k = Γ = (R 2n , ω). Making a Cartesian decomposition of the bosonic field operators we get the quadratures of the field:
that represent dimensionless canonical observables of the system. If we arrange them in a vector,
Now we can define N-mode Weyl operators [12] . Given
It is possible to give a complete description of the quantum infinite dimensional states of a system in the framework of the phase space by one of its s-ordered characteristic function:
where || · || is the Euclidean norm. Moreover, the complex Fourier transforms of these characteristic functions are another valid description of the quantum states and are called quasi-probability distributions. The constant s is deeply related with the ordering of the creation/annihilation operators. If we choose s = 0 we have the Wigner function W where the operators are symmetrically ordered:
A quantum state is said to be Gaussian if its characteristic function is Gaussian. Thus, a Gaussian state can be written in terms of two objects:
• The first moment vector x , which can be adjusted by applications of the single-mode Weyl operator, so it can always be set to 0 without any loss of generality -as we will use later on.
• The second moment matrix or covariance matrix (CM), which is the most important object in this section:
All the information of the Gaussian states is encoded in this 2N × 2N matrix, although it is necessary to impose some constraints to this matrix, in order to the density matrix be positive-semi definite (bona fide) σ + iΩ ≥ 0.
It is convenient to write the CM in blocks: each of the diagonal σ k is respectively the local CM corresponding to the reduced state of the k mode, and the off-diagonal matrices i,j encode all the correlations (classical and quantum) between the subsystems i and j:
. . .
As we said before, because of the symplectic form furnishes with a rich geometry the manifold, it is possible to associate unitary operations with symplectic operations, that preserve the symplectic form. One of the most important symplectic transformation S is the one that diagonalize the CM,
where ν k are called symplectic eigenvalues, which can be computed as the absolute value of the orthogonal eigenvalues of the matrix iΩσ. Furthermore, the Williamson theorem ensures that there exist global symplectic invariants such as the determinant of the CM Detσ = N k=1 ν 2 k and the Seralian ∆(σ) = k=1 ν 2 k i.e. the sum of all the determinants of the 2 × 2 sub-matrices. As we will see, these invariants are crucial in many computations because it is possible to write physical magnitudes in terms of them.
For instance, it can be shown [13] that the Von Neumann entropy takes the form:
We will use this magnitude later on.
In the next section, we will describe the DCE in the CM formalism, by applying the Bogoliubov transformation obtained in Section II to a realistic initial quasivacuum state.
IV. DCE IN THE CM FORMALISM: INITIAL AND FINAL STATES
In this section,we make use of the results of the previous sections in order to describe the DCE in the CM formalism.
We start by considering a proper initial state. First of all, we shall restrict ourselves to a pair of central modes −, + with close frequencies -as discussed in Section II.Then, although the ideal observation of the DCE would occur in a vacuum state, unfortunately it is impossible to get it experimentally, so we assume a quasivacuum state characterized by a small fraction of thermal photons n th + , n th − . Because it is a coherent Gaussian state, the two-mode CM associated σ i is proportional to the identity matrix [12] : (27) Using Eq. (17) and Eq. (13) we can obtain the output quadratures in terms of the input ones q i :
With σ i and the quadratures Eq.(28) we get the output CM σ:
Where: 
Finally, as we are considering small detuning ω + ≈ ω − ≈ ω d 2 we have:
Eqs. (30) and (31) represent the state of the DCE radiation. The main task is thus how to find a proper indicator of its quantum nature, as opposed, for instance to mere thermal radiation. We will adress this issue in the next section.
V. QUANTUM CORRELATIONS AND QUANTUM COHERENCE IN THE DCE
We have seen that the DCE is an effect that creates radiation with a genuinely quantum nature, due to its origin in the virtual particles of the quantum vacuum. Because of that, this radiation must possess quantum correlations (QC). Quantum systems in a composite state display QC if they are not classically correlated. A composite system will present classical correlations if at least one of its constituents is a classical system whose states can be represented using a orthonormal basis and it has a tensor product structure. For example
B is classically correlated with respect to subsystem A (See [14] ).
There are several kinds of QCs, as we will see in the following.
A. Quantum entanglement
Entanglement is the QC's tip of the iceberg, and it is a direct consequence of the superposition principle and the tensor structure of the Hilbert space. One state of a bipartite system will present entanglement if it cannot be prepared by local operations, i.e. it is not separable:
with ρ
B quantum states of subsystem A and B respectively.
In the phase space framework, a Gaussian state of a bipartite system with CM σ is separable if the partially transposed CMσ verifiesσ + iΩ ≥ 0. The partial transpose operation in the phase space amounts to a mirror reflection of the mode's momentum operators of one subsystem. The logarithmic negativity quantifies the violation of this criterion, and in the case of only two modes is defined as:
whereν − is the smallest symplectic eigenvalue ofσ. We now compute this magnitude for the DCE radiation state given by Eqs. (30) and (31) . Taking a Taylor series expansion both for f and n th , we obtaiñ
Considering Eqs. (34) and (35) we obtain:
B. Quantum discord
Discord is a more general form of QC, which is displayed by some mixed states that are separabletherefore, non-entangled-but whose correlations are still non-classical. It can be quantified by the difference between total and classical correlations, which can be characterized by two different quantum versions of two classically equivalent definitions of the mutual information.
In the CM formalism of Gaussian states, it is shown in Refs. [15] [16] [17] that the quantum discord of a bipartite σ has the following form:
where h(x) is given in (26) and ν i , i = 1, 2 are the symplectic eigenvalues. A perturbative expression for the quantum discord of the DCE radiation can be obtained using Eqs. (30) and (31) and computing its symplectic eigenvalues:
Please note the difference with Eq. (35). Inserting everything in Eq. (37) and following the perturbative approach we obtain [4] :
Taking into account the expressions obtained for negativity and discord, it is obvious that -for a given n ththere exists a threshold depending on the small parameter f which discriminates whether these QC overcome the thermal noise or not. These thresholds were obtained and compared in [4] . In particular, it was shown that discord beats the thermal noise more easily than entanglement. In the following, we will show that the behaviour of the quantum coherence is dramatically different. Finally, note that we are only computing the discord up to the leading order in perturbation theory. Higher-order terms might show up in a non-pertubative computation -which would require a non-perturbative covariance matrix to begin with-, making discord non-zero for any non-zero value of the squeezing [18, 19] . Please note that other bona fide measurements of quantum discord might well display a different perturbative behaviuor.
C. Quantum coherence
Quantum coherence amounts to superposition with respect to a fixed orthonormal basis: one state ρ is incoherent in a fixed basis if it is diagonal. Therefore, there are mixed states which do not possess entanglement or discord but display some form of quantum coherence. The role of quantum coherence in modern quantum technologies such as quantum thermodynamics, quantum metrology or quantum biology is currently the subject of intense research -see the recent review [7] .
A coherence measure C(ρ), where ρ is now a n-mode Gaussian state, has been recently given in terms of the covariance matrix and displacement vectors in [9] : C(ρ) = inf{S(ρ||δ)} where δ = n k=1 δ k th (n k ) is a tensor product of reduced thermal states with respect each mode k. Considering the Von-Neumann entropy of the system in terms of the symplectic eigenvalues (25) and the mean occupation value:
-where σ ij k is the ij element of the k mode CM and [d (k) i ] is the i first statistical moment of the k mode, which we will set to zero -and performing an extremal calculus, it is possible to provide an analytical expression of the quantum coherence [9] :
Thus, considering again the DCE state in Eqs. (30) and (31), the symplectic eigenvalues from Eq. (38) and:
and inserting everything in Eq. (41) -always within the perturbative approach-, we find that the quantum coherence in the experimental basis is:
C(f, n th ) = (43) max 0, −2f 2 (−n th + (2n th + 1) log n th ) , which is the main result of this paper. Therefore, the behaviour of the quantum coherence is different from the one of the quantum correlations considered: just by inspection of Eq. (43) will be a positive amount of coherence for every f = 0, i.e. for every driving amplitude. This is in agreement with the observation in [9] that any state with non-diagonal CM -see Eq. (30) -possesses quantum coherence.
In order to further illustrate this, we have represented in figures Fig. 1 and Fig. 2 the logarithmic negativity and the square roots of the discord and the coherence -the square roots are considered in order to ensure that we include the same perturbative orders in all the cases [4, 20] . The plots have been made considering realistic experimental values [2] and without violating the range of 8 m/s. While quantum entanglement and quantum discord vanishes for a given thermal noise threshold, coherence does not disappear in that regime of temperatures and driving amplitudes. Also, quantum entanglement is less robust than discord: In top figure, entanglement vanishes at T ≈ 48 mK and discord survives up to T ≈ 67 mK, while in the bottom figure, the threshold is displaced to T ≈ 70 mK for the entanglement and T ≈ 100 mK for the discord. Note that coherence is always larger than the other two.
validity of the perturbative and small-detuning approximations.
In Fig. 1 we confirm that coherence is significantly different from 0 for any value of the external pump amplitude, a property which becomes very interesting for experimental temperatures of 50 mK -as in [2] -and above, since entanglement and discord require very high values of in order to be clearly non-zero.
In Fig. 2 it is shown how, for a fixed , entanglement vanishes at lower temperatures than discord, while coherence does not vanish at all. Moreover, we find that quantum coherence is always greater than discord and entanglement.
All these results strongly suggest that quantum coherence could be used as a smoking gun for the quantum nature in the DCE radiation, since the experimental re-quirements for obtaining a DCE state with finite coherence are much less demanding than in the case of entanglement or discord.
VI. CONCLUSION
In this work we have studied theoretically the quantum coherence of the state resulting from performing a DCE experiment with a superconducting waveguide terminated by a SQUID. We have found that quantum coherence has a different behaviour of previously considered measurements of quantum correlations such as discord and entanglement, because it does not require a driving amplitude threshold to appear. Therefore we hope that these results could be a useful tool for the confirmation of the quantum nature of DCE radiation. A natural extension of this work would be the analysis of how the DCE coherence generated in superconducting circuits experiments can be exploited as a resource for quantum technologies such as quantum thermodynamics, quantum metrology or quantum biology, where coherence seems to play a pivotal role [7] .
